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FLAG VARIETIES, TORIC VARIETIES, AND SUSPENSIONS:
THREE INSTANCES OF INFINITE TRANSITIVITY
I. V. ARZHANTSEV, K.G. KUYUMZHIYAN, AND M.G. ZAIDENBERG
Abstract. We say that a group G acts infinitely transitively on a set X if for every m ∈ N
the induced diagonal action of G is transitive on the cartesian mth power Xm \ ∆ with
the diagonals removed. We describe three classes of affine algebraic varieties such that their
automorphism groups act infinitely transitively on their smooth loci. The first class consists of
normal affine cones over flag varieties, the second of non-degenerate affine toric varieties, and
the third of iterated suspensions over affine varieties with infinitely transitive automorphism
groups of a reinforced type.
Introduction
All varieties in this paper are assumed being reduced and irreducible. Unless we explicitly
precise a setting, the ground field k is supposed to be algebraically closed of characteristic
zero.
An effective action of the additive group Ga(k) on an algebraic variety X defines a one-
parameter unipotent subgroup of the automorphism group Aut(X). We let SAut(X) denote
the subgroup of Aut(X) generated by all its one-parameter unipotent subgroups. In the
sequel, we adopt the following definitions.
Definition 0.1. Let X be an algebraic variety over k. We say that a point x ∈ X is flexible if
the tangent space TxX is spanned by the tangent vectors to the orbits H.x of one-parameter
unipotent subgroups H ⊆ Aut(X). The variety X is called flexible if every smooth point
x ∈ Xreg is.
Definition 0.2. An action of a group G on a set A is said to be m-transitive if for every two
tuples of pairwise distinct points (a1, a2, . . . , am) and (b1, b2, . . . , bm) in A there exists g ∈ G
such that g(ai) = bi, i = 1, 2, . . . , m. The action which is m-transitive for all m ∈ N will be
called infinitely transitive.
Clearly, for m > dimG the Lie group G cannot act m-transitively on a variety X . In fact,
due to the following theorem it cannot act even 4-transitively on a smooth simply connected
variety.
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Theorem 0.1. (A. Borel [6, The´ore`mes 5-6]) There exist no 3-transitive actions of a real
Lie group G on a simply connected non-compact variety, and such 2-transitive actions exist
only on the Euclidean spaces Rn for n ≥ 2. There exist no 4-transitive actions of G on a
compact simply connected variety, and such 3-transitive actions exist only on the spheres Sn
for n ≥ 2.
For a classification of 2- and 3-transitive Lie group actions see, e.g., [23] and [40]. See
also [34] for the ”generic transitivity” of an action of an algebraic group G, i. e. the existence
of Zariski open orbits in the Cartesian powers of a given algebraic G-variety.
The infinite transitivity of the full automorphism group is well known for the affine space
An over k, where n ≥ 2; see also [2] and [39] for the analytic counterpart and generalizations.
This phenomenon takes place as well for any hypersurface X in An+1 given by the equation
uv − f(x1, . . . , xn−1) = 0, where n ≥ 3 and f ∈ k[x1, . . . , xn−1] is a non-constant polynomial
[21, §5]. In the sequel we call such a variety X a suspension over Y = An−1. In the
analytic category, similar phenomenons were studied in the spirit of the Andersen-Lempert-
Varolin theory [2], [42], see, e.g., [12], [19], [38], and [41]. This concerns, in particular, the
infinite transitivity on smooth affine algebraic varieties of certain subgroups of biholomorphic
transformations generated by complete regular vector fields, see survey [20], especially §2(B)
and Remark 2.2.
Following [21, §5], we are interested here in algebraic varieties X such that the special
automorphism group SAut(X) acts infinitely transitively on the smooth locus Xreg of X . We
show, in particular, that this property is preserved when passing to a suspension.
Definition 0.3. By a suspension over an affine variety Y we mean a hypersurface X ⊆ Y ×A2
given by the equation uv − f(y) = 0, where A2 = Spec k[u, v] and f ∈ k[Y ] is non-constant.
In particular, dimX = 1 + dim Y .
Our main results can be formulated as follows. An affine variety is called non-degenerate
if every invertible regular function on it is constant.
Theorem 0.2. (1) Consider a flag variety G/P , where G is a semisimple algebraic group,
and P is a parabolic subgroup in G. Then every normal affine cone X over G/P is
flexible and its special automorphism group SAut(X) acts infinitely transitively on the
smooth locus Xreg.
(2) The analogous conclusion holds if X is any non-degenerate affine toric variety of
dimension at least 2.
(3) Suppose that an affine variety X is flexible and either X = A1, or dimX ≥ 2 and
the special automorphism group SAut(X) acts infinitely transitively on the smooth
locus Xreg. Then all iterated suspensions over X also have properties of flexibility and
infinite transitivity of the special automorphism group.
Theorem 0.2(n) is proved in Section n, where n = 1, 2, 3, respectively.
Smooth compact real algebraic surfaces with infinitely transitive automorphism groups were
classified in [4], [5], [17], and [18]. In Theorem 3.3 we extend part 3 of Theorem 0.2 to real
algebraic varieties, under certain additional restrictions. These restrictions were weakened
in a recent paper [24]. In the particular case of a suspension over the affine line, the result
remains valid over an arbitrary field of characteristic zero, see Theorem 3.1.
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Recall [13, §9] that the Makar-Limanov invariant ML(X) of an affine variety X is the
intersection of the kernels of all locally nilpotent derivations of k[X ], or, in other words,
the subalgebra in k[X ] of common invariants for all one-parameter unipotent subgroups of
Aut(X). From this definition it is straightforward that ML(X) = k[X ]SAut(X). Hence the
Makar-Limanov invariant of X is trivial (that is ML(X) = k) provided that the special
automorphism group SAut(X) acts on X with a dense open orbit (cf. [35]). In particular,
this holds for the varieties in all the three classes from Theorem 0.2 (for the first two of
them, see also [22, 3.16], [27], and [35]). On the other hand, ML(X) is trivial if X is flexible.
Indeed, if f ∈ k[X ]SAut(X) then the differential df vanishes along the orbits of any unipotent
subgroup, hence it vanishes on the tangent space at any flexible point of Xreg. Since X is
flexible, f is constant.
In the first preprint version of this paper we conjectured that for a variety of dimension
at least 2 over an algebraically closed field of characteristic zero the transitivity of the group
SAut(X) on Xreg, the infinite transitivity of this group, and flexibility of X are equivalent.
Later on this conjecture was proved in [3]. Furthermore, in the same preprint version we
proposed to characterize the class of affine varieties such that the group SAut(X) acts in-
finitely transitively on a Zariski open subset. This was also done in [3] (see Theorem 2.2
and Proposition 5.1) in terms of the field Makar-Limanov invariant FML(X), introduced by
A. Liendo [28]. In [31], it is shown that affine cones over del Pezzo surfaces of degrees 4 and 5
are flexible, which implies infinite transitivity of the action of SAut(X) on these varieties.
We are grateful to Dmitry Akhiezer, Shulim Kaliman, and Alvaro Liendo for useful discus-
sions and references.
1. Affine cones over flag varieties
Given a connected, simply connected, semisimple algebraic group G over k, we consider
an irreducible representation V (λ) of G with a highest weight λ and a highest weight vector
v0 ∈ V (λ). Let
Y = G[v0] ⊆ P(V (λ))
be the closed G-orbit of [v0] in the associate projective representation, and
X = AffCone(Y ) = Gv0 = Gv0 ∪ {0}
be the affine cone over Y . Note that such a cone X is called an HV-variety in terminology
of [36].
Remark 1.1. Actually every projective embedding ϕ : G/P
∼=
−→ Y →֒ Pn with a projectively
normal image Y , where P ⊆ G is a parabolic subgroup, arises in this way. Indeed, being
projectively normal, Y is as well linearly normal, i.e., ϕ = ϕ|D|, where D ∈ Pic(G/P ) is
very ample. Hence D ∼
∑s
i=1 aiDi, where D1, . . . , Ds are the Schubert divisorial cycles on
G/P , and ai ∈ Z, ai > 0 for all i = 1, . . . , s. Then V (λ) = H
0(G/P,OG/P (D))
∗ is a simple
G-module with a highest weight λ =
∑s
i=1 aiωi, where ω1, . . . , ωs are fundamental weights,
and Y = G[v0] for a highest weight vector v0; see, e.g., [33, Theorem 5].
Remark 1.2. Recall that an end in the Freudenthal sense of a topological variety M is the
equivalence class of decreasing sequences of connected open subsets in M , such that their
boundaries are compact, and the intersection of complements of these sets is empty. Let X
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be the affine cone introduced above, and let k = C. Then the homogeneous variety X \ {0}
has two ends. Let G be a connected Lie group and H ⊆ G a closed connected subgroup.
According to A. Borel [6, The´ore`me 2], the homogeneous space G/H has at most two ends.
D. Akhiezer [1]1 showed that if G is a linear algebraic group over C and H ⊆ G is an algebraic
subgroup (not necessarily connected) then G/H has exactly two ends if and only if H is the
kernel of a nontrivial character χ : P → Gm(C), where P is a parabolic subgroup of G, and
Gm(C) is the multiplicative group of the field C. The homogeneous fibration G/H → G/P
realizes G/H as a principal Gm(C)-bundle over the homogeneous projective variety
2 G/P .
Furthermore, G/H admits a projective completion by two disjoint divisors E0 and E∞, where
E0 ∼= E∞ ∼= G/P , and X˜ := G/H ∪ E0 → G/P represents a line bundle, say, L over G/P .
Its zero section E0 is contractible if and only if the dual line bundle L
−1 is ample, and then
also very ample. In the latter case the contraction of E0 yields the affine cone X over the
image Y = ϕ|L−1|(G/P ) ⊆ P
n. For k = C, any affine cone X as in Theorem 1.1 arises in this
way, with H ⊆ P being the stabilizer of a smooth point of the cone X , X˜ the blowup of X
at the vertex, and E0 the exceptional divisor.
The next result provides part 1 of Theorem 0.2.
Theorem 1.1. Let X be the affine cone over a flag variety G/P under an embedding G/P →֒
PN with projectively normal image. Then X is flexible and the group SAut(X) acts m-
transitively on X\{0} for any m ∈ N.
The flexibility follows from the next general observation.
Proposition 1.1. If a semisimple linear algebraic group G acts on an affine variety X and
this action is transitive on Xreg, then X is flexible.
Proof. The group G acts on X with an open orbit Xreg = G.x0. The dominant morphism
onto this orbit ϕ : G→ X , g 7−→ g.x0, yields a surjection dϕ : g→ Tx0X , where g = Lie(G).
We claim that g is spanned by nilpotent elements over k, which implies the assertion. Indeed,
consider the decomposition g =
⊕k
i=1 gi of g into simple ideals. Let h be the span of the set of
all nilpotent elements in g. This is an ad-submodule of g and so an ideal of g, hence a direct
sum of some of the simple ideals gi. However every simple ideal gi, i = 1, . . . , k, contains at
least one nonzero nilpotent element. Therefore h = g, as claimed. 
In the setting of Theorem 1.1, Xreg = X if X ∼= A
n and Xreg = X \{0} otherwise. Anyhow,
the group G acts transitively on X \{0}, see, e.g., [36, Theorem 1]. Hence by Proposition 1.1
X is flexible.
Before passing to the proof of infinite transitivity we need some preparation.
Let P ⊆ G be the stabilizer of the line 〈v0〉 ⊆ V (λ), B = TBu ⊆ P be a Borel subgroup
of G with the maximal torus T and the unipotent radical Bu, and X(T ) be the character
lattice of T . Consider the weight decomposition
V (λ) =
⊕
ν∈X(T )
V (λ)ν = 〈v0〉 ⊕H(λ) ,
1See also [16] and [26] for the complex analytic counterpart in the context of Lie groups.
2In this general setting, neither the pair (G,P ) nor (G,H) is uniquely defined by the flag variety G/P .
THREE INSTANCES OF INFINITE TRANSITIVITY 5
where 〈v0〉 = V (λ)λ , and H(λ) ⊆ V (λ) is the hyperplane
H(λ) =
⊕
ν∈X(T )\{λ}
V (λ)ν .
The coordinate function lλ ∈ V (λ)
∗ of the first projection p1 : v 7−→ lλ(v)v0 defines a non-
trivial character of P .
Let B− = TB−u be the Borel subgroup of G opposite to B = B
+. The flag variety G/P
contains an open B−-orbit (the big Schubert cell) isomorphic to the affine space An, where
n = dimG/P . Its complement is a union of the divisorial Schubert cycles D1, D2, . . . , Ds, see
e.g. [25, pp. 22–24].
The orbit map G → P(V (λ)), g 7→ g.[v0], embeds G/P onto a subvariety Y ⊆ P(V (λ)).
Let ωλ ⊆ Y be the image of the big Schubert cell under this embedding. By [33, Theorem 2]
the hyperplane
H (λ) = P(H(λ)) = l−1λ (0) ⊆ P(V (λ))
is supported by the union of the Schubert divisors
⋃s
i=1Di. In particular ωλ = Y \H (λ).
Let σ : X̂ → X be the blow-up of the cone X at the vertex 0. The exceptional divisor
E ⊆ X̂ is isomorphic to Y . Moreover, the natural map π : X \ {0} → Y yields the projection
p : X̂ → Y of the line bundle OY (−1) on Y with E being the zero section. Since ωλ ∼= A
n,
the restriction of OY (−1) to ωλ is a trivial line bundle. Hence the open set
Ωλ := π
−1(ωλ) = X \H(λ) ⊆ X \ {0} ∼= X̂ \ E
is isomorphic to An × A1∗, where A
1
∗ = A
1 \ {0}.
For every c ∈ A1∗ the invertible function lλ(·, c) is constant on the affine space A
n. Thus
on Ωλ, which is isomorphic to A
n × A1∗, we have lλ = az
k for some a ∈ Gm(k), where z is
a coordinate in A1∗. Actually, here k = 1, since lλ gives a coordinate on 〈v0〉. We may also
assume that a = 1 and so lλ| Ωλ : Ωλ → A
1
∗ is the second projection.
To prove the infinite transitivity of the group SAut(X) on X \{0} as stated in Theorem 1.1,
let us first show the infinite transitivity of SAut(X) on each hyperplane section Ωλ(c0) :=
l−1λ (c0) ⊆ X , where c0 6= 0; cf. [21, Lemma 5.6]. More precisely, given a k-tuple of distinct
points c1, . . . , ck ∈ k different from c0, we consider the subgroup Stab
λ
c1,...,ck
⊆ SAut(X) of
all automorphisms fixing pointwise the subvarieties Ωλ(ci) for all i = 1, . . . , k and leaving
invariant the function lλ.
Proposition 1.2. In the notation as above, for every n ≥ 2 and every m ∈ N the group
Stabλc1,...,ck acts m-transitively on Ωλ(c0)
∼= An.
Proof. Let Q1, Q2, . . . , Qm and Q
′
1, Q
′
2, . . . , Q
′
m be two tuples of pairwise distinct points in
Ωλ(c0). For any n > 2 the group SAut(A
n) acts m-transitively on An; see e.g. [21, Lemma
5.5]. Since Ωλ(c0) ∼= A
n, we can find g ∈ SAut(Ωλ(c0)) mapping (Q1, Q2, . . . , Qm) to
(Q′1, Q
′
2, . . . , Q
′
m). By definition, g = δ1(1)δ2(1) . . . δs(1) for some one-parameter unipotent
subgroups δ1, δ2, . . . , δs ⊆ SAut(Ωλ(c0)). Let ∂1, ∂2, . . . , ∂s be the corresponding locally nilpo-
tent derivations3 (LNDs for short) of the algebra k[Ωλ(c0)]. First we extend them to LNDs
∂1, ∂2, . . . , ∂s of k[Ωλ] ∼= k[A
n × A1∗] by putting ∂i(lλ) = 0.
3A derivation ∂ of a ring A is called locally nilpotent if ∀a ∈ A, ∂na = 0 for some n ∈ N.
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Recall that Ωλ is a principal Zariski open subset in X defined by the function lλ. In
particular, for every i = 1, . . . , s we have ∂i : k[X ] → k[X ][1/lλ]. Since k[X ] is finitely
generated, there exists N ∈ N such that (lλ)
N ∂i is an LND of k[X ] for all i = 1, . . . , s; cf. [22,
Proposition 3.5].
Let q[z] ∈ k[z] be a polynomial with q(c0) = 1 which has simple roots at c1, . . . , ck and a
root z = 0 of multiplicity N (we recall that c0 6= 0). Then for every i = 1, . . . , s, q(lλ)∂i is
an LND of k[X ] such that the corresponding one-parameter subgroup in Stabλc1,...,ck extends
the subgroup δi. Thus g extends to an element of the group Stab
λ
c1,...,ck
. Now the assertion
follows. 
Let µ be an extremal weight of the simple G-module V (λ) different from λ. Then µ defines
a parabolic subgroup P ′ conjugated to P , the corresponding linear form lµ ∈ V (λ)
∗, and the
principal Zariski open subset Ωµ = {lµ 6= 0} of X , where X \ Ωµ = H(µ) := l
−1
µ (0).
Lemma 1.1. For every set of m distinct points Q1, Q2, . . . , Qm ∈ X \ {0} there exists g ∈
SAut(X) such that g(Qi) ∈ Ωµ for all i = 1, . . . , m.
Proof. Since the group G is semisimple, it is contained in SAut(X), see [35, Lemma 1.1].
Clearly, Gi := {g ∈ G | g(Qi) ∈ H(µ)}, i = 1, . . . , m, are proper closed subsets of G. Hence
the conclusion of the lemma holds for every g ∈ G \ (G1 ∪ . . . ∪Gm). 
Lemma 1.2. For every c 6= 0 the restriction lλ|Ωµ(c) is non-constant.
Proof. If the restriction lλ|Ωµ(c) were a constant equal, say, to b, then the cone X would be
contained in the hyperplane blµ − clλ = 0 in V (λ), which is not the case. 
Proof of Theorem 1.1. If n = dimG/P = 1 and so G/P ∼= P1, then X is a normal
affine toric surface (a Veronese cone). The infinite transitivity in this case follows from
Theorem 2.1 in § 2 below.
From now on we suppose that n > 2. Given m ∈ N, we fix an m-tuple of pairwise distinct
points Q10, Q20, . . . , Qm0 ∈ Ωλ(1). Let us show that for every m-tuple of pairwise distinct
points Q1, Q2, . . . , Qm ∈ X \ {0} there exists ψ ∈ SAut(X) such that ψ(Q1) = Q10, . . .,
ψ(Qm) = Qm0.
According to Lemma 1.1 we may suppose that Qi ∈ Ωµ for all i = 1, . . . , m. Split the set
{Q1, Q2, . . . , Qm} into several pieces according to the values of lµ(Qi):
{Q1, Q2, . . . , Qm} =
k⊔
j=1
Mj , Mj = {Qi | Qi ∈ Ωµ(cj)} ,
where c1, . . . , ck ∈ A
1
∗ are pairwise distinct. By Lemma 1.2, every intersection Ωλ(1)∩Ωµ(ci)
contains infinitely many points. Acting with the subgroups Stabµc1,...,ĉi,...,ck ⊆ SAut(X) (see
Proposition 1.2), we can successively send the pieces Mi, i = 1, . . . , k, to the affine hy-
perplane section Ωλ(1). The resulting m-tuple can be sent further to the standard one
(Q10, Q20, . . . , Qm0) using an automorphism from Proposition 1.2 with c0 = 1 and k = 0.
Now the proof is completed.
2. Automorphisms of affine toric varieties
As before, k stands for an algebraically closed field of characteristic zero. In this section we
consider an affine toric variety X over k with a torus T acting effectively on X . We assume
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that X is non-degenerate, i.e., the only invertible regular functions on X are constants or,
which is equivalent, that X 6∼= Y × A1∗, where A
1
∗ = Spec k[t, t
−1] ∼= Gm(k).
The following result yields part 2 of Theorem 0.2.
Theorem 2.1. Every non-degenerate affine toric variety X of dimension n ≥ 1 is flexible. If
n ≥ 2, for any m ∈ N the group SAut(X) acts m-transitively on the smooth locus Xreg of X.
We note that X is flexible if Aut(X) acts transitively on Xreg and at least one smooth
point is flexible on X . Both of these properties will be established below. Let us first recall
some necessary generalities on toric varieties.
1. Ray generators. Let N be the lattice of one-parameter subgroups of the torus T,
M = X(T) the dual lattice of characters, and 〈·, ·〉 : N × M → Z the natural pairing.
Let χm denote the character of T which corresponds to a lattice point m ∈ M . We have
χmχm
′
= χm+m
′
, thus the group algebra
k[M ] :=
⊕
m∈M
kχm
can be identified with the algebra k[T] of regular functions on the torus T. Let T.x0 be
the open T-orbit on X . Since the orbit map T → X , t 7−→ t.x0, is dominant, we may
identify k[X ] with a subalgebra of k[M ]. More precisely, there exists a convex polyhedral
cone σ∨ ⊆ MQ := M ⊗Z Q such that k[X ] coincides with the semigroup algebra of σ
∨ ∩M ,
i.e.,
(2.1) k[X ] =
⊕
m∈σ∨∩M
kχm ,
see [14] for details. We let σ denote the cone dual to σ∨. The cone σ is pointed and of full
dimension in NQ. Let Ξ = {ρ1, . . . , ρr} be the set of ray generators, i.e., the primitive vectors
on extremal rays of the cone σ. Given a ray generator ρ ∈ Ξ, we let Rρ denote the associate
one-parameter subgroup of T.
2. The Orbit-Cone correspondence (see [7, §3.2]). There exist two natural one-to-one
correspondences δ
1÷1
←→ τ
1÷1
←→ Oτ between the faces δ of σ, the dual faces
4 τ = δ⊥ of σ∨, and
the T-orbits Oτ on X such that dimOτ = dim τ = dim σ − dim δ. In particular, the unique
T-fixed point on X corresponds to the vertex of the cone σ∨, and the open T-orbit to the
cone σ∨ itself. These correspondences respect the inclusions: the T-orbit Oµ is contained in
the orbit closure Oτ if and only if µ ⊆ τ , or, equivalently, if and only if µ
⊥ ⊇ τ⊥ (cf. [7, §3.2]).
For every face τ ⊆ σ∨, there is a direct sum decomposition
k[X ] = k[Oτ ]⊕ I(Oτ) ,
where k[Oτ ] =
⊕
m∈τ∩M kχ
m and
(2.2) I(Oτ ) =
⊕
m∈(σ∨\τ)∩M
kχm
is the graded ideal of the subvariety Oτ in k[X ].
4By abuse of notation, here δ⊥ ∩ σ∨ is denoted simply by δ⊥.
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A stabilizer Tp = StabT(p) of any point p ∈ X is connected, hence Tp ⊆ T is a subtorus.
Furthermore, Tp ⊆ Tq if and only if T.q ⊆ T.p, and T.p = X
Tp; here XG stands, as usual, for
the set of fixed points of the group G acting on X .
3. Roots and associate one-parameter unipotent subgroups.
Definition 2.1 ((see [9])). A root of the cone σ is a vector e ∈ M such that for some index
i with 1 ≤ i ≤ r, where r = cardΞ, we have
(2.3) 〈ρi, e〉 = −1 and 〈ρj , e〉 ≥ 0 for every j 6= i .
Let us denote by R(σ) the set of all roots of the cone σ. There is a one-to-one correspondence
e
1÷1
←→ He between the roots of σ and the one-parameter unipotent subgroups of Aut(X)
normalized by the torus (see [9] or [27]). Let ρe := ρi. The root e ∈ R(σ) defines an LND ∂e
of the M-graded algebra k[X ] given by
(2.4) ∂e(χ
m) = 〈ρe, m〉χ
m+e .
Its kernel is a (finitely generated) graded subalgebra of k[X ] (see [27]):
(2.5) ker ∂e =
⊕
m∈ρ⊥e ∩M
kχm ,
where ρ⊥e = {m ∈ σ
∨ ∩M, 〈ρe, m〉 = 0} is the facet (i.e. its codimension one face) of σ
∨
orthogonal to ρe.
Definition 2.2 ((see [13], [27])). Two roots e and e′ with ρe = ρe′ are called equivalent; we
write e ∼ e′. Two roots e and e′ are equivalent if and only if ker ∂e = ker ∂e′ .
Remark 2.1. Enumerating the ray generators Ξ = {ρ1, . . . , ρr} yields a disjoint partition
R(σ) =
r⋃
i=1
Ri,
where Ri = {e ∈ R(σ) | ρe = ρi} are nonempty. Indeed, consider the facet τi of the cone
σ∨, orthogonal to the ray generator ρi. For every v in the relative interior Intrel(τi), the
inequalities 〈ρj, v〉 > 0 hold for all j 6= i. Let e0 ∈ M be such that 〈ρi, e0〉 = −1, and let
v0 ∈ Intrel(τi) ∩M . Putting e = e0 + kv0 for some k ≫ 1, we obtain 〈ρj, e〉 > 0 for all j 6= i
and 〈ρi, e〉 = −1. Hence e ∈ Ri.
For example, let X = A2 be the affine plane with the standard 2-torus action. In this
case the cones σ and σ∨ coincide with the first quadrants. The set R(σ) consists of two
equivalence classes
R1 = {(x,−1) | x ∈ Z≥0}, R2 = {(−1, y) | y ∈ Z≥0} .
4. One-parameter groups of automorphisms. The derivation ∂e generates a one-parameter
unipotent subgroup He = λe(Ga(k)) ⊆ Aut(X), where λe : t 7−→ exp(t∂e). The algebra of
invariants k[X ]He coincides with ker ∂e. The inclusion k[X ]
He ⊆ k[X ] induces a morphism
π : X → Z = Spec k[X ]He whose general fibers are one-dimensional He-orbits isomorphic to
A1 (cf. [37, Theorems 2.3 and 3.3]). The torus T normalizes the subgroup He. In particular,
T stabilizes the fixed point set XHe.
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Let Re = Rρe ⊆ T be the one-parameter subtorus corresponding to the vector ρe ∈ N .
The action of Re on the graded algebra k[X ] can be given, under a suitable parametrization
ρe : Gm(k) ∋ t 7−→ ρe(t) ∈ Re, by
(2.6) t.χm = t〈ρe,m〉χm, t ∈ Gm(k) .
In particular k[X ]Re = k[X ]He . Hence the morphism π : X → Z coincides with the quotient
map X → X//Re. So the general He-orbits are the closures of the general Re-orbits. By
Proposition 2.1 (see below) the latter actually holds for every one-dimensional He-orbit.
5
There is a direct sum decomposition
(2.7) k[X ] = k[X ]Re ⊕
⊕
m∈σ∨∩M\ρ⊥e
kχm = k[X ]Re ⊕ I(De) ,
where De := X
Re ∼= Z. The divisor De coincides with the attractive set of the Re-action on
X . So every one-dimensional Re-orbit has a limit point on De. The following simple lemma
completes the picture.
Lemma 2.1. Let τ be a face of the cone σ∨, Oτ the corresponding orbit, Tτ the stabilizer of
a point in Oτ , and Ξτ the set of ray generators of the dual face τ
⊥ ⊆ σ. Then the following
holds.
a) The orbit closure Oτ is stable under He if and only if
(2.8) m+ e ∈ σ∨ \ τ ∀m ∈ (σ∨ \ τ) ∩M : 〈ρe, m〉 > 0 .
b) The closure Oτ is He′-stable for any root e
′ ∼ e of the cone σ if one of the following
equivalent conditions is fulfilled:
(i) ρe 6∈ Ξτ ,
(ii) Oτ 6⊆ De,
(iii) Re 6⊆ Tτ .
Proof. a) By virtue of (2.4) the ideal I(Oτ) is ∂e-invariant if and only if
(2.9) χm+e ∈ I(Oτ) ∀χ
m ∈ I(Oτ) : 〈ρe, m〉 > 0 ,
which is equivalent to (2.8) (see (2.2)). This proves a).
b) For m ∈M ,
m ∈ σ∨ \ τ ⇐⇒ 〈ρ,m〉 ≥ 0 ∀ρ ∈ Ξ and ∃ρ ∈ Ξτ : 〈ρ,m〉 > 0 .
For any ρ 6= ρe we have 〈ρ,m+ e〉 ≥ 〈ρ,m〉. Hence (i) implies (2.8).
We have Oτ = X
Tτ and De = X
Re = Oρ⊥e , where ρ
⊥
e = (R+ρe)
⊥. So the equivalence
(i)⇐⇒ (ii)⇐⇒ (iii) is due to the Orbit-Cone correspondence. 
Remark 2.2. Consequently, ρe ∈ Ξτ if Oτ is not He-stable. In general, the converse is not
true. For instance, let X = A2 be the plane with the standard 2-dimensional torus action.
Here Ξ = {(1, 0), (0, 1)}. Let τ = {0} and e = (0,−1), e′ = (a,−1) ∼ e, where a > 0
and ρe = (0, 1). Then (2.8) holds for He′ but not for He. Hence ρe ∈ Ξτ , and the T-fixed
point Oτ = {(0, 0)} is He′-stable but not He-stable. One can also construct an example with
5If X is a surface then all fibers of pi are Re-orbit closures isomorphic to A
1, see the parabolic case in [11].
However, for a toric affine 3-fold X , some degenerate fibers of pi can be two-dimensional.
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dimX = 4 such that the closure Oτ is He′-stable for every root e
′ ∼ e, whereas the equivalent
conditions (i)–(iii) are not fulfilled.
For the proof of infinite transitivity we need somewhat more precise information concerning
the actions of one-parameter groups of automorphisms on toric varieties; see Proposition 2.1
and Lemmas 2.2, 2.3 below.
Proposition 2.1. Given a root e ∈ R(σ). Let, as before, He ⊆ SAut(X) be the associate
one-parameter unipotent subgroup. Then the following holds.
a) For every point x ∈ X \XHe, the orbit He.x meets exactly two T-orbits O1 and O2 on
X, where dimO1 = 1 + dimO2.
b) The intersection O2 ∩He.x consists of a single point, while
O1 ∩He.x = Re.y ∀y ∈ O1 ∩He.x .
Proof. a) The number of T-orbits in X being finite, there exists a T-orbit O1 such that the
intersection O1 ∩He.x is a Zariski open subset of He.x. So He.x ⊆ O1. There is also another
T-orbit O2 that meets He.x. Indeed, otherwise He.x ∼= A
1 would be contained in a single T-
orbit O1. However, this is impossible because the regular invertible functions separate points
on O1, and, consequently, either they do on He.x. Since O2 intersects O1, we have O2 ⊆ O1
and so dimO2 < dimO1.
We know that the torus T normalizes the unipotent subgroup He. Hence the elements of
T send the He-orbits into He-orbits. In particular, for every point q ∈ He.x the stabilizer Tq
preserves the orbit He.x. For all q ∈ O1 ∩He.x the stabilizer is the same. Since He.x ⊆ O1 =
XTq , this stabilizer acts trivially on He.x. Thus Tr ⊇ Tq for any point r ∈ He.x, and Tr = Tq
if and only if r ∈ O1 ∩He.x.
Fix a point p ∈ O2 ∩ He.x. If Tp ⊆ Tq, then Tp = Tq, and so dimO2 = dimO1, a
contradiction. Consequently, the stabilizer Tp acts on He.x with two orbits, i.e., He.x =
Tp .q ∪ {p}, where q ∈ He.x \ {p}. From the exact sequence
1→ Tq → Tp → Gm(k)→ 1
we deduce that dimTp = 1 + dimTq. Finally He.x ⊆ O1 ∪ O2, and dimO1 = 1 + dimO2, as
stated in a).
b) We may assume that O1 = T.x. Since He.x ⊆ O1 and the torus T normalizes the
subgroup He, we have He(O1) ⊆ O1. Thus O1 is He-stable. On the other hand, since
He.p = He.x 6⊆ O2, the closure O2 is not He-stable. In particular, by Lemma 2.1 ρe ∈ Ξτ2 ,
where τi is the face of the cone σ
∨ which corresponds to Oi = Oτi, i = 1, 2. Hence by the
same lemma Re ⊆ Tτ2 = Tp. Let us show that Re 6⊆ Tτ1 = Tq, where q ∈ He.x \ {p}.
Applying again Lemma 2.1, we obtain that (2.8) holds for τ = τ1 but not for τ = τ2. Since
τ2 ⊆ τ1, this implies that (2.8) does not hold for some m ∈ τ1 \ τ2. The latter is possible only
if ρe ∈ τ
⊥
2 \ τ
⊥
1 . Thus by Lemma 2.1 Re 6⊆ Tτ1 = Tq. Finally, the one-dimensional orbit Tp.q
coincides with Re.q. 
Definition 2.3. We say that a pair of T-orbits (O1,O2) inX isHe-connected ifHe.x ⊆ O1∪O2
for some x ∈ X \XHe. By Proposition 2.1 O2 ⊆ O1 for such a pair (up to a permutation),
and dimO1 = 1 + dimO2. Clearly, we can choose a point x on the orbit O2, as above. Since
the torus normalizes the subgroup He, any point of O2 can actually serve as such a point x.
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Example 2.1. Given a root e ∈ R(σ), the derivation ∂e as in (2.4) extends to an LND of a
bigger graded algebra
A(ρe) =
⊕
m∈M,〈ρe,m〉≥0
kχm .
Indeed, letting k = 〈ρe, m〉 ≥ 0, we yield 〈ρe, m + ke〉 = 0, and so ∂
k
e (χ
m) ∈ ker ∂e. This
provides a T- and He-stable open subset
U = SpecA(ρe) ∼= (A
1
∗)
n−1 × A1 ⊆ X ,
where n = dimX , A1∗ = Spec k[t, t
−1], A1 = Spec k[u], here u = χ−e, and He acts along
the second factor by the shifts. The only T-orbits in U are the open orbit O1 = {u 6= 0},
which corresponds to the vertex of σ, and the codimension one orbit O2 = {u = 0}, which
corresponds to the ray Qρe. It is easy to see that the pair (O1,O2) is He-connected.
From Proposition 2.1 and its proof we deduce the following criterion of He-connectedness.
Lemma 2.2. Let (O1,O2) be a pair of T-orbits on X with O2 ⊆ O1, where Oi = Oσ⊥i for a
face σi of the cone σ, i = 1, 2. Given a root e ∈ R(σ), the pair (O1,O2) is He-connected if
and only if e|σ2 ≤ 0 and σ1 is a facet of σ2 given by the equation 〈v, e〉 = 0.
Proof. In course of the proof of Proposition 2.1, b) we established that the pair (O1,O2) is
He-connected if and only if the closure O1 is He-invariant, O2 is not, and dimO1 = 1+dimO2.
Moreover, if the pair (O1,O2) is He-connected then σ
⊥
2 is a facet of the cone σ
⊥
1 (and so σ1 is
a facet of σ2), and there exists m0 ∈ σ
⊥
1 \ σ
⊥
2 such that
〈ρe, m0〉 > 0, m0 + e ∈ σ
⊥
2 .
Since 〈ρi, e〉 ≥ 0 for all ρi 6= ρe, we obtain that σ2 = Cone(σ1, ρe). We have also e|σ1 = 0
because e = m0 + e − m0 ∈ span σ
⊥
1 . Thus e|σ2 ≤ 0 and σ1 is given in σ2 by the equation
〈v, e〉 = 0.
Conversely, assume that e|σ2 ≤ 0 and σ1 is given in σ2 by the equation 〈v, e〉 = 0. Then for
any m ∈ σ∨ \ σ⊥1 such that 〈ρe, m〉 > 0 we have m+ e 6∈ σ
⊥
1 . Indeed, e|σ1 = 0 and so e ∈ σ
⊥
1 .
Thus the condition (2.8) holds for σ⊥1 . Furthermore, 〈ρe, m
′〉 > 0 for any m′ ∈ σ⊥1 \ σ
⊥
2 . It
follows that
m0 := m
′ + (〈ρe, m
′〉 − 1) · e ∈ σ⊥1 \ σ
⊥
2 , m0 + e ∈ σ
⊥
2 .
Indeed, 〈ρe, m0〉 = 1 and 〈ρe, m0 + e〉 = 0, while 〈ρi, m0〉 ≥ 0 and 〈ρi, m0 + e〉 ≥ 0 for every
ρi 6= ρe. Therefore (2.8) is fulfilled for σ
⊥
1 but not for σ
⊥
2 . Consequently, the pair (O1,O2) is
He-connected. 
Remark 2.3. Given a one-parameter subgroup R ⊆ T and a point x ∈ X \ XR, the orbit
closure R.x coincides with an He-orbit if and only if R.x is covered by a pair of He-connected
T-orbits. For instance, for X = A2 with the standard 2-dimensional torus action and R ⊆ T
being the subgroup of scalar matrices, the latter condition holds only for the points x 6= 0 on
one of the coordinate axes.
Lemma 2.3. For any point 6 x ∈ Xreg \ Oσ∨ there is a root e ∈ R(σ) such that
dimT.y > dimT.x
for a general point y ∈ He.x. In particular, the pair (T.y,T.x) is He-connected.
6Recall that Oσ∨ is the open T-orbit in X .
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Proof. Since x 6∈ Oσ∨ , by the Orbit-Cone Correspondence there exists a proper face, say,
σ2 ⊆ σ such that T.x = Oσ⊥2 . The point x ∈ X being regular, the ray generators, say,
ρ1, . . . , ρs of the cone σ2 form a base of a primitive sublattice N
′ ⊆ N (see [14, §2.1]).
Let σ1 be the facet of σ2 spanned by ρ2, . . . , ρs. Again by the Orbit-Cone Correspondence,
Oσ⊥2
⊆ Oσ⊥1 and dimOσ⊥1 = 1+dimOσ⊥2 . Let us show that the pair (Oσ⊥1 ,Oσ⊥2 ) isHe-connected
for some root e ∈ R(σ) satisfying the assumptions of Lemma 2.2.
Choosing a σ-supporting hyperplane L ⊆ NQ such that σ2 = σ ∩ L, we obtain a splitting
N = N ′ ⊕N ′′ ⊕N ′′′, where N ∩ L = N ′ ⊕N ′′ and N ′′′ ∼= Z. Consider a linear form e1 on N
′
defined by
〈ρ1, e1〉 = −1, 〈ρ2, e1〉 = . . . = 〈ρs, e1〉 = 0 .
Let e2 be a non-zero linear form on N
′′′. Extending e1 and e2 to the whole lattice N by zero
on the complementary sublattices, we obtain a linear form e = e1 + e2 on N . Multiplying e2
by a suitable integer, we can achieve that 〈ρj , e〉 > 0 for every ρj /∈ σ2. Then e is a root of
the cone σ such that ρe = ρ1 and the condition of Lemma 2.2 holds for e. By Lemma 2.2 the
pair (Oσ⊥1 ,Oσ⊥2 ) is He-connected, as claimed. Since T.x = Oσ⊥2 and the torus T normalizes
the group He, the desired conclusion follows from Proposition 2.1 and the observation in
Definition 2.3. 
Now we possess all the necessary notions to prove infinite transitivity in Theorem 2.1. The
proof consists of several steps; see Lemmas 2.4-2.9 below.
Lemma 2.4. For any collection of m distinct points Q1, . . . , Qm ∈ Xreg there exists an
automorphism φ ∈ SAut(X) such that the images φ(Q1), . . . , φ(Qm) are contained in the
open T-orbit.
Proof. Let
d(Q1, . . . , Qm) = dimT.Q1 + . . .+ dimT.Qm
and assume that dimT.Qi < dimX for some i. By Lemma 2.3 there exists a root e ∈ R(σ)
such that dimT.Pi > dimT.Qi for a general point Pi ∈ He.Qi. Fix an isomorphism λe :
Ga(k)
∼=
−→ He. There is a finite set of values t ∈ Ga(k) such that dimT.(λe(t).Qj) < dimT.Qj
for some j 6= i. Thus for a general t ∈ Ga(k) we have
d(λe(t).Q1, . . . , λe(t).Qm) > d(Q1, . . . , Qm) .
Applying recursion, we get the result. 
From now on we assume that the points Q1, . . . , Qm are contained in the open T-orbit T.x0.
We fix a maximal subset of linearly independent ray generators {ρ1, . . . , ρn} =: Ξ
(0) ⊆ Ξ,
where n = dimX . For every i = 1, . . . , n we choose an isomorphism ρi : Gm(k)
∼=
−→ Rρi ,
denoted by the same letter as the ray generator. Recall that for a root e ∈ R(σ) the inclusion
k[X ]He ⊆ k[X ] induces a morphism τ : X → Z, where Z = Spec k[X ]He .
Lemma 2.5. Given ρi ∈ Ξ
(0) and a root e ∈ R(σ) such that ρe = ρi. Then for every finite set
T0, . . . ,Tk of pairwise distinct Re-orbits in T.x0 there exists a regular invariant q ∈ k[X ]
He
which is identically equal to 1 on T0 and vanishes on T1, . . . ,Tk.
Proof. The quotient morphism τ : X → Z separates typical He-orbits (see [37, Theorems 2.3
and 3.3]). Since the torus T normalizes the subgroup He, there exists a T-action on Z
such that the morphism τ is T-equivariant. In particular, for every x ∈ T.x0 the fiber of
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τ passing through x is an He-orbit. According to Proposition 2.1, the Re-orbits T0, . . . ,Tk
are intersections of the corresponding He-orbits with the open orbit T.x0. Thus for every
j = 1, . . . , k there exists an invariant qj ∈ k[X ]
He which vanishes on Tj and restricts to the
constant function 1 on T0. It is easy to see that the product q = q1 · . . . · qk ∈ k[X ]
He has the
desired properties. 
In the notation of Lemma 2.5, let StabT1,...,Tk(T0) ⊆ SAut(X) denote the subgroup of all
transformations that fix the orbits T1, . . . ,Tk pointwise and stabilize the closure T0 in X .
Lemma 2.6. There exists a one-parameter unipotent subgroup H ⊆ StabT1,...,Tk(T0) which
acts transitively on T0.
Proof. As before, let e ∈ R(σ) be a root with ρe = ρi, and q be a regular He-invariant
as in Lemma 2.5. The LND q∂e ∈ Der k[X ] defines a one-parameter unipotent subgroup
H ⊆ StabT1,...,Tk(T0). Clearly, the restriction H|T0 = He|T0 acts by shifts on T0
∼= A1, and
hence this action is transitive. 
In the remaining part of the proof of Theorem 2.1 we use the following notation. Let Ξ(0) =
{ρ1, . . . , ρn} be a basis in NQ formed by ray generators. We consider the homomorphism
θ : Gm(k)
n → T of the standard n-torus to T given by
(2.10) θ : (t1, . . . , tn) 7−→ (ρ1(t1) · . . . · ρn(tn)) .
It is easily seen that θ is surjective and its kernel Θ = ker(θ) is a finite subgroup in Gm(k)
n.
We consider as well the induced surjective morphism from Gm(k)
n to the open orbit T.x0. In
particular, for m distinct points Q1, . . . , Qm ∈ T.x0 we can write
(2.11) Qj = θ(t1,j, . . . , tn,j).x0, j = 1, . . . , m ,
where the point (t1,j , . . . , tn,j) ∈ Gm(k)
n is determined by Qj up to the diagonal action of Θ
on Gm(k)
n:
(2.12) ϑ.(t1, . . . , tn) = (ϑ1t1, . . . , ϑntn), where ϑ = (ϑ1, . . . , ϑn) ∈ Θ .
Letting κ = ordΘ, by the Lagrange Theorem we have ϑκi = 1 for all i = 1, . . . , n.
We fix a standard collection of m points in T.x0:
(2.13) Qj0 = θ(j, . . . , j).x0, j = 1, . . . , m .
By our assumptions Char(k) = 0 and k = k, hence these points are distinct. It remains to
find an automorphism ϕ ∈ SAut(X) such that ϕ(Qj) = Qj0 for every j = 1, . . . , m. To this
end we use Lemmas 2.7 and 2.8 (see below).
We say that t, t′ ∈ Gm(k) are κ-equivalent if t
′ = εt for some κth root of unity ε ∈ Gm(k).
Lemma 2.7. a) For any pairwise distinct elements t1, . . . , tn ∈ Gm(k), the set of values
a ∈ k such that ti + a and tj + a are κ-equivalent for some i 6= j is finite.
b) Fix s ∈ {1, . . . , n}. If the points Qi and Qj belong to the same Rs-orbit, then their
rth components ti,r and tj,r are κ-equivalent for every r 6= s.
c) Suppose that the points Qj1 , . . . , Qjl belong to the same Rs-orbit T
(s). Then their
images under a general shift on the line T (s) ∼= A1 belong to distinct Rr-orbits for
every r 6= s.
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Proof. a) Given a κth root of unity ε, the linear equation
ti + a = ε(tj + a)
is satisfied for at most one value of a. It implies a).
The assertion of b) holds since the Rs-action on X , lifted via (2.10), affects only the
component ti,s of the point Qi in (2.11), while the Θ-action on Gm(k)
n replaces the component
ti,r (r 6= s) by a κ-equivalent one.
Now c) follows immediately from a) and b). Indeed, for i 6= j the intersection of any Ri-
and Rj-orbits is at most finite. 
Lemma 2.8. In the notation as above there exists ψ ∈ SAut(X) such that the points
ψ(Q1), . . . , ψ(Qm) belong to different R1-orbits in T.x0.
Proof. By our assumption n ≥ 2, so there is an R2-action on X . Let T
(2)
0 , . . . ,T
(2)
k be the
distinct R2-orbits passing through the points Q1, . . . , Qm so that this collection splits into k+1
disjoint pieces. We may assume that the piece on T
(2)
0 is Q1, . . . , Ql. Applying Lemma 2.6
to ρe = ρ2, we find a one-parameter unipotent subgroup H ⊆ StabT (2)1 ,...,T
(2)
k
(T
(2)
0 ) acting
by shifts on T
(2)
0
∼= A1. By Lemma 2.7 the images of Q1, . . . , Ql under a general shift lie in
different Rr-orbits for every r 6= 2, while all the other points Qj , j > l, remain fixed. Applying
the same procedure subsequently to the other pieces, we finally obtain an automorphism
ψ ∈ SAut(X) such that the points ψ(Q1), . . . , ψ(Qm) belong to different Rr-orbits for every
r 6= 2. 
Proof of Theorem 2.1. Let us start with the infinite transitivity. By virtue of
Lemma 2.8 we may assume that the orbits T
(1)
j = R1.Qj , j = 1, . . . , m, are all distinct. By
Lemma 2.6 we can change the component t1,j of a point Qj arbitrarily while fixing the other
components and as well the other points of our collection. Thus we can achieve that t1,j = j
for all j = 1, . . . , m. This guarantees that for any l ≥ 2 the orbits Rl.Q1, . . . , Rl.Qm are pair-
wise distinct. Applying Lemma 2.6 again to every Rl-orbit for l = 2, . . . , n, we can reach the
standard collection Q
(0)
1 , . . . , Q
(0)
m as in (2.13) with tl,j = j for all j = 1, . . . , m, l = 1, . . . , n.
This proves the infinite transitivity statement in Theorem 2.1.
The proof of flexibility is in the next lemma.
Lemma 2.9. Every non-degenerate affine toric variety X is flexible.
Proof. If dimX = 1, then X ∼= A1, and the assertion is evidently true. Further we suppose
that dimX ≥ 2. We already know that the group SAut(X) acts (infinitely) transitively on
Xreg. Hence it is enough to find just one flexible point on Xreg. Let us show that a point
x0 in the open T-orbit is flexible. Consider the action of the standard torus Gm(k)
n on X
induced by the T-action on X via (2.10). The stabilizer Stab(x0) ⊆ Gm(k)
n being finite, the
tangent map TgGm(k)
n → Tx0X is surjective at each point g ∈ Stab(x0). Hence the tangent
vectors at x0 to the orbits Ri.x0, i = 1, . . . , n, span the tangent space Tx0X . By Remark 2.1,
for every i = 1, . . . , n there exists a root ei ∈ R(σ) such that ρi = ρei. Since x0 cannot
be fixed by the one-parameter unipotent subgroup Hei, it follows from Proposition 2.1 that
Hei .x0 = Ri.x0. If one parameterizes properly these two orbits, their velocity vectors at x0
coincide. Therefore, Tx0X is spanned as well by the tangent vectors of the orbits Hei.x0,
i = 1, . . . , n, which means that the point x0 is flexible on X . 
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Now the proof of Theorem 2.1 is completed.
Example 2.2. Consider a singular affine toric surface Xd,e = A
2/Gd, where d and e are
coprime integers with 0 < e < d, and Gd is the cyclic group generated by a primitive dth
root of unity ζ , which acts on the plane A2 via ζ.(x, y) = (ζx, ζey). It is well known (see [11],
[15], and [32]) that for e ≥ 2 the smooth locus (Xd,e)reg = Xd,e \ {0} is not isomorphic to a
homogeneous space of any affine algebraic group. However Xd,e \ {0} is homogeneous under
the action of the infinite dimensional group SAut(X).
3. Affine suspensions
In this section we prove part 3 of Theorem 0.2. Let us first recall some necessary notions.
Definition 3.1. Let X(0) be an affine variety. By a cylinder over X(0) we mean the product
X(0) × A1. Given a nonconstant regular function f1 ∈ k[X
(0)], we define a new affine variety
X(1) = Susp(X(0), f1) := {f1(x)− uv = 0} ⊆ X
(0) × A2,
called a suspension over X(0). By recursion, for any l ∈ N we obtain the iterated suspension
X(l) = Susp(X(l−1), fl).
For instance, starting with X(0) = Ak, we arrive at the lth suspension X(l) given in the
affine space
Ak+2l = Spec k[x1, . . . , xk, u1, v1, . . . , ul, vl]
by the system of equations
(3.1)


u1v1 − f1(x1, x2, . . . , xk) = 0
u2v2 − f2(x1, x2, . . . , xk, u1, v1) = 0
. . .
ulvl − fl(x1, x2, . . . , xk, u1, v1, u2, v2, . . . , ul−1, vl−1) = 0,
where for every i = 1, 2, . . . , l the polynomial fi ∈ k[x1, . . . , xk, u1, v1, . . . , ui−1, vi−1] is non-
constant modulo the ideal (u1v1 − f1, . . . , ui−1vi−1 − fi−1).
We prove part 3 of Theorem 0.2 separately for suspensions over a line and over a variety of
dimension at least 2. For suspensions over a line, the assertion remains true over an arbitrary
field of characteristic zero, under an additional restriction on the function f = f1.
Theorem 3.1. Let k be a field of characteristic zero and let f ∈ k[x] be a polynomial such
that f(k) = k. Consider a surface X ⊆ A3k given by the equation f(x)− uv = 0 . Then X is
flexible and the special automorphism group SAut(X) acts m-transitively on Xreg for every
m ∈ N.
In higher dimensions, part 3 of Theorem 0.2 can be restated as follows.
Theorem 3.2. Let k be an algebraically closed field of characteristic zero. Let X(0) be a
flexible affine variety. Assume that either X(0) ∼= A1, or dimX(0) > 2 and the special
automorphism group SAut(X(0)) acts m-transitively on X
(0)
reg for every m ∈ N. Then every
iterated suspension X(l) over X(0), l ≥ 1, is flexible and the special automorphism group
SAut(X(l)) acts m-transitively on X
(l)
reg for every m ∈ N.
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Since the assumptions of the theorem are fulfilled for the affine space X(0) = Ak, k ≥ 1, we
can conclude that for every k, l ≥ 1 the affine variety X(l) ⊆ Ak+2l defined by (3.1) is flexible,
and the group SAut(X(l)) acts infinitely transitively on X
(l)
reg.
The proof of Theorem 3.2, with minor changes, works also for real algebraic varieties and
leads to the following result.
Theorem 3.3. Let X(0) be a flexible real affine algebraic variety. Suppose that the smooth
locus X
(0)
reg is connected and the special automorphism group SAut(X(0)) acts m-transitively
on X
(0)
reg for every m ∈ N. Consider the iterated suspensions X(i) = Susp(X(i−1), fi), where
the functions fi ∈ R[X
(i−1)] satisfy the conditions fi(X
(i−1)
reg ) = R, i = 1, . . . , l. Then for
every i = 1, . . . , l the variety X(i) is flexible and the special automorphism group SAut(X(i))
acts m-transitively on X
(i)
reg for every m ∈ N.
The infinite transitivity in Theorems 3.1–3.3 is proved in Subsections 3.1–3.3, respectively.
The flexibility in all the three cases is established in Subsection 3.4.
3.1. Suspensions over a line.
Proof of infinite transitivity in Theorem 3.1. (The proof is elementary and is based on some
explicit formulae from [29].) We may assume that d = deg f ≥ 2. According to7 [29], in our
case the special automorphism group SAut(X) contains the abelian subgroups Gu and Gv
generated, respectively, by the one-parameter unipotent subgroups
(3.2) Hu(q) : (x, u, v) 7→
(
x+ tq(u), u, v +
f(x+ tq(u))− f(x)
u
)
,
(3.3) Hv(q) : (x, u, v) 7→
(
x+ tq(v), u+
f(x+ tq(v))− f(x)
v
, v
)
,
where q(z) ∈ k[z], q(0) = 0, and t ∈ k. Clearly, u ∈ k[X ]Gu and v ∈ k[X ]Gv . We claim that
the subgroup G = 〈Gu, Gv〉 ⊆ SAut(X) acts m-transitively on Xreg for every m ∈ N. So
given an m-tuple of pairwise distinct points of Xreg
Q1 = (x1, u1, v1), . . . , Qm = (xm, um, vm),
our aim is to find an automorphism φ ∈ G which sends this m-tuple to a standard m-tuple
Q
(0)
i = (x
(0)
i , u
(0)
i , v
(0)
i ), i = 1, . . . , m ,
chosen in such a way that all v
(0)
i are nonzero and distinct.
Step 1. Acting with the subgroup Gu, we can replace the original m-tuple by another one
such that vi 6= 0 for all i = 1, . . . , m. Indeed, since f
(d)(x) is a nonzero constant, and since
either f ′(x) 6= 0 or u 6= 0, the polynomial
f(x+ tu)− f(x)
u
=
f ′(x)
1!
t+ . . .+
f (d)(x)
d!
ud−1td ∈ k[x, u][t] ,
is non-constant. Since the point Qs ∈ X is smooth, the equalities us = 0, vs = 0, f
′(xs) = 0
cannot hold simultaneously. Hence acting by an automorphism (3.2) with q = z and a
7Cf. also [8], [10], and [30].
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general t does change the coordinate vs = 0, while keeping nonzero those vi that were already
nonzero. Now the claim follows.
Step 2. Suppose further that vi 6= 0 for all i = 1, . . . , m. Then acting with Gv we can send
our m-tuple to another one where all the ui, i = 1, . . . , m, are nonzero and pairwise distinct.
Indeed, let
F (Qi, q, t) =
f ′(xi)
1!
q(vi)
vi
t + . . .+
f (d)(xi)
d!
q(vi)
d
vi
td ∈ k[t] .
We have (xi, vi) 6= (xj , vj) for all i 6= j because (xi, ui, vi) 6= (xj , uj, vj) where ui = f(xi)/vi
and uj = f(xj)/vj. If vi = vj then f
(d−1)(xi) 6= f
(d−1)(xj) since the linear form f
(d−1)(x) is
nonzero. Thus for a suitable q ∈ k[z] such that q(vi) 6= 0 for all i, the polynomials F (Qi, q, t)
and F (Qj, q, t) are different for every i 6= j. Applying the automorphism Hv(q) from (3.3)
with a general t, we obtain the result.
Step 3. We assume now that all the coordinates uj are nonzero and distinct. Let us show
that it is possible, acting by Gu, to map the initial tuple of points to a tuple having standard
values of coordinates v
(0)
s , s = 1, . . . , m. To this end, we construct an automorphism that
preserves all the points but Qi and sends Qi to a new point Q
′
i with v
′
i = v
(0)
i . Namely, fix a
polynomial q(z) with q(0) = 0, q(ui) 6= 0 and q(uj) = 0 for all j 6= i. Our assumption on f(x)
guarantees that the equation f(x) = ui(v
(0)
i − vi) + f(xi) has a root x = ai, where ai ∈ k.
Applying Hu(q) in (3.2) with t = (ai − xi)/q(ui), we obtain the required.
Step 4. Suppose finally that vi = v
(0)
i for all i. It suffices to reach the values xi = x
(0)
i for all
i acting by an automorphism from Gv. Indeed, then also ui = f(xi)/vi = f(x
(0)
i )/v
(0)
i = u
(0)
i .
This can be done by applying Hu(q) as in (3.3) with t = 1 and a polynomial q satisfying
q(0) = 0 and q(v
(0)
i ) = x
(0)
i − xi for all i. Now the proof is completed. 
3.2. Infinite transitivity in higher dimensions. It is enough to prove Theorems 3.2, 3.3
for l = 1. Before passing to the proofs, we establish in Lemmas 3.1-3.3 some necessary
elementary facts concerning suspensions. In Lemmas 3.1-3.4 we consider an arbitrary field k
of characteristic zero.
Lemma 3.1. If X(0) is irreducible, then so is the suspension X(1) = Susp(X(0), f).
Proof. Suppose to the contrary that there exist nonzero functions
F1, F2 ∈ k[X
(1)] = k[X(0)][u, v]/(uv − f) such that F1F2 = 0.
We may assume that we chose F1 and F2 with minimal degu,v(F1) + degu,v(F2), and that no
monomial in Fi contains the product uv, since otherwise we could replace this product by f
according to Definition 3.1. If u occurs in both F1 and F2, then degu(F1F2) > 0 since the
leading term in u cannot cancel. Hence, up to twisting u and v, we may assume that F1 does
not contain v, and F2 does not contain u. Let us write
F1 =
k∑
i=0
aiu
i, F2 =
l∑
j=0
bjv
j ,
where ai, bj ∈ k[X
(0)], and k + l is minimal possible.
If k = l = 0, then F1, F2 ∈ k[X
(0)] are zero divisors, which contradicts the irreducibility
of X(0). So k + l > 0.
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If a0 = b0 = 0, then we can decrease the degree k + l by dividing out u and v. This
contradicts the minimality assumption. So we may assume that a0 6= 0. Then the product
F1F2 contains a nonzero term a0blv
l, which gives again a contradiction. The lemma is proved.

Lemma 3.2. Let π : X(1) → X(0) be the restriction of the projection X(0) × A2 → X(0) to
X(1). Then π(X
(1)
reg) = X
(0)
reg.
Proof. Let f1, f2, . . . , fm ∈ k[x1, x2, . . . , xs] be the functions generating the ideal of X
(0) ⊆ As.
A point P ∈ X(0) is regular if and only if the rank of the Jacobian matrix
D0 =


∂f1
∂x1
∂f1
∂x2
. . . ∂f1
∂xs
∂f2
∂x1
∂f2
∂x2
. . . ∂f2
∂xs
. . . . . . . . . . .
∂fm
∂x1
∂fm
∂x2
. . . ∂fm
∂xs


attains its maximal value s− dimX(0) at P . The corresponding matrix for X(1) is
D1 =


∂f1
∂x1
∂f1
∂x2
. . . ∂f1
∂xs
0 0
∂f2
∂x1
∂f2
∂x2
. . . ∂f2
∂xs
0 0
. . . . . . . . . . . . . . . .
∂fm
∂x1
∂fm
∂x2
. . . ∂fm
∂xs
0 0
∂f
∂x1
∂f
∂x2
. . . ∂f
∂xs
−v −u


.
Obviously, rkD1 6 1+rkD0 at every point. Since dimX
(1) = 1+dimX(0), any regular point
of X(1) is mapped via π to a regular point of X(0). On the other hand, let M be a square
submatrix of D0 and P ∈ X
(0)
reg be a point such thatM(P ) is of rank r = s−dimX(0) equal to
its order. We extend M to a square submatrix M ′ of order r + 1 by adding the last line and
one of the two extra columns of D1 in such a way that rkM
′(P, u, v) = 1 + rkM(P ) = r + 1
for some (u, v) 6= (0, 0), where (P, u, v) ∈ X(1). Then (P, u, v) ∈ X
(1)
reg. Now the assertion
follows. 
Remark 3.1. Let A be an affine algebra. Recall (see [21]) that an affine modification of A
with center (I, v), where I ⊆ A is an ideal and v ∈ I is not a zero divisor, is the quotient
algebra A[It]/(1− vt), where
A[It] = A⊕
∞⊕
n=1
(It)n ∼= A⊕ I ⊕ I2 ⊕ . . . = BlI(A)
is the Rees algebra of the pair (A, I), and t is a formal symbol.
Geometrically, the variety Spec (A[It]/(1−vt)) can be obtained fromX = SpecA as follows.
First we perform a blowup of X with the center I, and then remove the proper transform of
the zero divisor V (v) in X from BlI(X), which results again in an affine variety. (We note
that this proper transform meets the exceptional divisor E, since v ∈ I; see [21, §1] for more
details).
According to [21, Example 1.4 and §5], the suspension X(1) = Susp(X(0), f) can be viewed
as an affine modification of X(0) × A1 (where A1 = Spec k[v]) with the center (I1 = (v, f), v)
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along the divisor v = 0. Interchanging v and u, we may also regard the variety X(1) as an
affine modification of the product X(0)×A1, where this time A1 = Spec k[u], with the center
(I2 = (u, f), u) along the divisor u = 0. The exceptional divisors of these two modifications
(v = 0 and u = 0, respectively) are both isomorphic to X(0)×A1 but different as subvarieties
of X(1). For every c ∈ k we denote by Uc = {u = c} and Vc = {v = c} the level hypersurfaces
in X(1), which are widely used in the sequel.
In [21, §2] there was developed a method which allows to extend an LND ∂ to the affine
modification provided that ∂ stabilizes the center of the modification. In Lemma 3.3 (see
below) we concretize this method in our particular case of affine suspensions.
Given an LND δ0 of an affine domain A0 and a polynomial q ∈ k[z] with q(0) = 0, we can
define a new LND δ′ = δ′(δ0, q) on A
′ = A0⊗k[v], where v is a new variable, as follows. First
we extend δ0 to A
′ by letting δ0(v) = 0, and then we multiply δ0 by the element q(v) ∈ ker δ0.
Suppose that A0 is generated by x1, x2, . . . , xs. Then δ
′ is given in coordinates by
(3.4) δ′(xi) = q(v)δ0(xi), i = 1, 2, . . . , s, δ
′(v) = 0.
Let now u be yet another variable and f ∈ A0 be nonzero. Consider the structure algebra
A1 of the suspension over A0:
A1 = (A0 ⊗ k[u, v])/(uv − f).
Lemma 3.3. In the notation as above, every LND δ′ ∈ DerA′ can be transformed into an
LND δ1 = δ1(δ0, q) ∈ DerA1 by letting
(3.5) δ1(xi) = δ
′(xi), i = 1, 2, . . . , s , δ1(u) =
q(v)
v
δ0(f) , δ1(v) = δ
′(v) = 0 .
Proof. First, let us check that these formulae extend δ′ to δ1 = δ1(δ0, q) ∈ Der(A0 ⊗ k[u, v]),
where δ1 preserves the ideal (uv−f). Indeed, since
q(v)
v
∈ k[v] by our choice of q, the derivation
δ1 is well defined on the generators of A0 ⊗ k[u, v]. It is easily seen that δ1 is still locally
nilpotent. The straightforward calculation shows that δ1(uv − f) = 0. Hence δ1 descends to
an LND of the quotient algebra A1, denoted by the same symbol δ1. 
Definition 3.2. We let Gv denote the subgroup of the special automorphism group
SAut (X(1)) generated by all one-parameter unipotent subgroups
Hv(δ0, q) = exp(tδ1), where t ∈ k+, δ1 = δ1(δ0, q) ,
with δ0 and q(t) as above
8. Interchanging the roles of v and u, we obtain the second subgroup
Gu ⊆ SAut(X
(1)). Here u ∈ k[X(1)]Gu and v ∈ k[X(1)]Gv . We will show that the subgroup
G ⊆ SAut (X(1)) generated by Gu and Gv acts infinitely transitively in X
(1)
reg.
Given k distinct constants c1, . . . , ck ∈ k, we denote by Stab
v
c1...ck
the subgroup of the group
Gv fixing pointwise all the hypersurfaces Vcs ⊆ X
(1), s = 1, . . . , k.
Lemma 3.4. Suppose that the group SAut(X(0)) acts m-transitively on X
(0)
reg. Then for any
distinct constants c0, c1, . . . , ck ∈ Gm(k) the group Stab
v
c1...ck
acts m-transitively on Vc0 ∩X
(1)
reg.
8Notice that for X(0) = A1 = Spec k[z] and δ0 = d/dz we have Hv(δ0, q) = Hv(q) from (3.3).
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Proof. Consider two collections of m distinct points P ′1, . . . , P
′
m and Q
′
1, . . . , Q
′
m in Vc0 ∩
X
(1)
reg . Denote by P1, . . . , Pm and Q1, . . . , Qm their π-projections to X
(0). Notice that the
hypersurface Vc0 ⊆ X
(1) is mapped via π isomorphically onto X(0), while by Lemma 3.2
we have π(Vc0 ∩ X
(1)
reg) ⊆ X
(0)
reg . A point P ′ ∈ Vc0 can be written as P
′ = (P, u, c0), where
P = π(P ′) ∈ X(0) and u = u(P ′) = f(P )/c0. Consequently, every smooth point on X
(0)
has a preimage on X
(1)
reg. So these formulae give an isomorphism X(0)
∼=
−→ Vc0 which sends P
to P ′.
Since by our assumptions the group SAut(X(0)) acts m-transitively on X
(0)
reg, there ex-
ists an automorphism ψ0 ∈ SAut(X
(0)) which sends the ordered collection (P1, . . . , Pm) to
(Q1, . . . , Qm). It can be written as a product
ψ0 =
k∏
i=1
exp(δ
(i)
0 )
for some LNDs δ
(1)
0 , . . . , δ
(k)
0 ∈ Derk[X
(0)].
Letting q = αz(z − c1) . . . (z − ck), where α ∈ Gm(k) is such that q(c0) = 1, by Lemma 3.3
we can lift all LNDs δ
(i)
0 to the LNDs
δ
(i)
1 = δ
(i)
1 (δ
(i)
0 , q) ∈ Der k[X
(1)], i = 1, . . . , k .
Respectively, ψ0 can be lifted to an automorphism
ψ1 =
k∏
i=1
exp(δ
(i)
1 ) ∈ Gv ⊆ SAut(X
(1)) .
By virtue of (3.4) it is easily seen that the actions on X(1) of the corresponding one-parameter
unipotent subgroups Hv(δ
(i)
0 , q) restrict to the original actions on Vc0
∼= X(0). Hence the
automorphism ψ1|Vc0 = ψ0 sends (P
′
1, . . . , P
′
m) to (Q
′
1, . . . , Q
′
m). Due to our choice of q(z),
this automorphism fixes all the other hypersurfaces Vcs pointwise. The lemma is proved. 
Lemma 3.5. Let k be an algebraically closed field of characteristic zero. Suppose as before
that the group SAut(X(0)) acts m-transitively on X
(0)
reg. Then for any set of distinct points
Q′1, . . . , Q
′
m ∈ X
(1)
reg there exists an automorphism ϕ ∈ SAut(X(1)) such that ϕ(Q′i) 6∈ U0 ∪ V0
for all i = 1, 2, . . . , m.
Proof. We say that the point Q′i = (Qi, ui, vi) ∈ X
(1) is hyperbolic if uivi 6= 0, i.e., if Q
′
i 6∈ U0∪
V0. We have to show that the original collection can be moved by means of an automorphism
from SAut(X(1)) to a new collection so that all the points become hyperbolic. Suppose that
Q′1, . . . , Q
′
l are already hyperbolic while Q
′
l+1 is not, where l ≥ 0. By recursion, it is sufficient
to move Q′l+1 off U0∪V0 while leaving the points Q
′
1, . . . , Q
′
l hyperbolic. Consider the following
two cases:
Case 1: ul+1 = 0, vl+1 6= 0.
Case 2: ul+1 = vl+1 = 0.
We claim that there exists an automorphism ϕ ∈ SAut(X(1)) leaving Q′1, . . . , Q
′
l hyperbolic
such that in Case 1 the point ϕ(Q′l+1) is hyperbolic as well, and in Case 2 this point satisfies
the assumptions of Case 1.
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In Case 1 we split Q′1, . . . , Q
′
l+1 into several disjoint piecesM0, . . . ,Mk according to different
values of v: Q′i ∈ Mj ⇐⇒ vi = cj, where cj 6= 0. Assume that M0 = {Q
′
i1
, . . . , Q′ir , Q
′
l+1},
where ik ≤ l for all k = 1, . . . , r. We can choose an extra point Q
′′
l+1 ∈ (Vc0 ∩ X
(1)
reg) \ U0.
Indeed, since c0 = vl+1 6= 0, we have Vc0
∼= X(0). Under the assumptions of Theorem 3.2
dimX(0) ≥ 2, hence also dim((Vc0 ∩X
(1)
reg) \ U0) = dimX
(0) ≥ 2.
By Lemma 3.4 the subgroup Stabvc1,...,ck ⊆ Gv acts (r+1)-transitively on Vc0 ∩X
(1)
reg . There-
fore we can send the (r + 1)-tuple (Q′i1 , . . . , Q
′
ir , Q
′
l+1) to (Q
′
i1 , . . . , Q
′
ir , Q
′′
l+1) fixing the re-
maining points of M1 ∪ . . . ∪Mk. This confirms our claim in Case 1.
In Case 2 the point Q′l+1 = (Ql+1, 0, 0) belongs to X
(1)
reg. From Lemma 3.2 and its proof it
follows that Ql+1 = π(Q
′
l+1) ∈ X
(0)
reg and df(Ql+1) 6= 0 in the cotangent space T
∗
Ql+1
X(0). The
variety X(0) being flexible, there exists an LND ∂0 ∈ Der k[X
(0)] such that ∂0(f)(Ql+1) 6= 0.
Letting q(v) = v(v− v1)(v− v2) . . . (v− vl) ∈ k[v] and choosing a set of generators x1, . . . , xs
of the algebra k[X(0)], similarly as in (3.5) we extend ∂0 to ∂1 ∈ Der k[X
(1)] via
(3.6) ∂1(xi) = q(v)∂0(xi), i = 1, 2, . . . , s , ∂1(u) =
q(v)
v
∂0(f) , ∂1(v) = 0 .
Due to our choice, ∂1(u)(Q
′
l+1) 6= 0. Hence the action of the associate one-parameter
unipotent subgroup Hv(∂0, q) = exp(t∂1) pushes the point Q
′
l+1 out of U0. So the orbit
Hv(∂0, q).Q
′
l+1 meets the hypersurface U0 ⊆ X
(1) in finitely many points. Similarly, for
every j = 1, 2, . . . , l the orbit Hv(∂0, q).Qj 6⊆ U0 meets U0 in finitely many points. Let-
ting now ϕ = exp(t0∂1) ∈ Hv(∂0, q) ⊆ Gv, we conclude that for a general value of t0 ∈ k
the images ϕ(Q′j) lie outside U0 for all j = 1, 2, . . . , l + 1. Since the group Hv(∂0, q) pre-
serves the coordinate v, the points ϕ(Q′1), . . . , ϕ(Q
′
l) are still hyperbolic. Interchanging
9 the
role of u and v we see that the assumptions of Case 1 are fulfilled for the new collection
ϕ(Q′1), . . . , ϕ(Q
′
l), ϕ(Q
′
l+1), as required. 
Proof of infinite transitivity in Theorem 3.2. If X(0) = A1 then the assertion
follows from Theorem 3.1. Let now dimX(0) ≥ 2. To show that the action of the group
SAut(X(1)) on X
(1)
reg is m-transitive for every m ∈ N, we fix a standard collection of m
distinct points P ′1, . . . , P
′
m ∈ U1 ∩X
(1)
reg. It suffices to show that any other m-tuple of distinct
points Q′1, . . . , Q
′
m ∈ X
(1)
reg can be mapped to P ′1, . . . , P
′
m by means of an automorphism ψ ∈
SAut(X(1)). In view of Lemma 3.5 we may suppose that Q′i 6∈ U0 ∪ V0 for all i = 1, . . . , m.
Similarly as in the proof of Lemma 3.5 we split the collection Q′1, . . . , Q
′
m into disjoint pieces
M1, . . . ,Mk according to the values of coordinate v.
By our assumption the variety X(0) is flexible. It follows that the only units in k[X(0)]
are constants. Consequently, since f is non-constant we have f(X(0)) = k. In particular,
Uc ∩ Vd 6= ∅ for any c, d ∈ k. Since dimX
(1) = 1+ dimX(0) ≥ 3, the intersection Uc ∩ Vd has
positive dimension, hence is infinite.
Therefore, acting with the subgroups Stabvc1...cˇi...cl ⊆ Gv, by Lemma 3.4 we can send Mi to
U1∩Vci∩X
(1)
reg fixing all the other points from
⋃
j 6=iMj . So we may assume that Q
′
1, . . . , Q
′
m ∈
U1∩Xreg. Applying Lemma 3.4 again with u and v interchanged, k = 0, and c0 = 1, i.e., acting
9We have not done this earlier in order to keep our previous notation.
22 I. V. ARZHANTSEV, K.G. KUYUMZHIYAN, AND M.G. ZAIDENBERG
with the subgroup Gu, we can send the resulting collection to the standard one P
′
1, . . . , P
′
m.
Now the proof is completed.
3.3. Suspensions over real varieties. Here we prove Theorem 3.3. We need the following
elementary lemma.
Lemma 3.6. Let Y be a smooth connected real manifold of dimension at least 2. Then for
any continuous function f : Y → R the level set f−1(c) is infinite for each c ∈ Int f(Y ).
Proof. Under our assumptions Int f(Y ) ⊆ R is an open interval. Choose two points y1, y2 ∈ Y
such that f(y1) = c1 < c and f(y2) = c2 > c. We can join them by a smooth path l in Y .
There exists a tubular neighborhood U of l diffeomorphic to a cylinder ∆×I, where I = [0, 1]
and ∆ is a ball of dimension dim∆ = dimY − 1 ≥ 1. So there exists a continuous family of
paths joining y1 and y2 within U such that any two of them meet only at their ends y1 and y2.
Since the hypersurface f−1(c) separates Y , each of these paths crosses it. In particular, f−1(c)
is infinite. 
The proof of Theorem 3.3 differs just slightly from that of Theorem 3.2. Hence it is enough
to indicate the necessary changes.
Sketch of the proof of Theorem 3.3. The assumption that the field k is algebraically
closed was actually used in the proof of Theorem 3.2 only on two occasions. Namely, in the
proofs of Lemma 3.5 and of the infinite transitivity in Theorem 3.2 we exploited the fact
that under our assumptions the level sets (Vck ∩X
(1)
reg) \U0 and U1 ∩ Vci ∩X
(1)
reg are of positive
dimension, hence are infinite. For k = k the latter follows from the Krull theorem and
the dimension count. In the case where k = R, we can deduce the same conclusion using
Lemma 3.6. Indeed, in the notation as above, for every ci 6= 0 the restrictions
π : Vci ∩X
(1)
reg = (Vci)reg → X
(0)
reg, π : U1 ∩ Vci ∩X
(1)
reg → f
−1(ci) ∩X
(0)
reg
are isomorphisms. Under the assumptions of Theorem 3.3 the smooth real manifold X
(0)
reg has
dimension ≥ 2 and is connected. Since f(X
(0)
reg) = R, by Lemma 3.6 the level set f−1(ci)∩X
(0)
reg
is infinite. Since ck 6= 0, the set (Vck ∩X
(1)
reg) \ U0 ⊇ U1 ∩ Vck ∩X
(1)
reg is infinite too.
A posteriori, the manifold X
(1)
reg is also connected. Hence by recursion we can apply the
argument to the iterated suspensions X(i) over X(0), i = 1, . . . , l.
3.4. Flexibility. To complete the proofs of Theorems 3.1–3.3, it remains to establish the
flexibility of X(1).
Lemma 3.7. Under the assumptions of any one of Theorems 3.1–3.3 the variety X(1) is
flexible.
Proof. We already know that the group SAut(X(1)) acts transitively on X
(1)
reg. Hence, similarly
as in the proof of Lemma 2.9, it suffices to find just one flexible point P ′ = (P, u, v) ∈ X
(1)
reg .
The function f ∈ k[X(0)] being non-constant, df(P ) 6= 0 at some point P ∈ X
(0)
reg with
f(P ) 6= 0. Due to our assumption X(0) is flexible. Hence there exist n locally nilpotent
derivations ∂
(1)
0 , . . . , ∂
(n)
0 ∈ Der k[X
(0)], where n = dimX(0), such that the corresponding
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vector fields ξ1, . . . , ξn span the tangent space TPX
(0), i.e.,
rk

 ξ1(P ). . .
ξn(P )

 = n .
It follows that ∂
(i)
0 (f)(P ) 6= 0 for some index i ∈ {1, . . . , n}.
Let now P ′ = (P, u0, v0) ∈ X
(1)
reg be a point such that π(P ′) = P . Since u0v0 = f(P ) 6= 0,
the point P ′ is hyperbolic. Letting q(v) = v in Lemma 3.3 we obtain n LNDs
∂
(1)
1 , . . . , ∂
(n)
1 ∈ Derk[X
(1)], where ∂
(j)
1 = ∂
(j)
1 (∂
(j)
0 , v) .
Interchanging u and v and letting j = i, we get yet another LND
∂
(i)
2 = ∂
(i)
2 (∂
(i)
0 , u) ∈ Derk[X
(1)] .
Let us show that the corresponding n+ 1 vector fields span the tangent space TP ′X
(1) at P ′,
as required. We can view ∂
(1)
1 , . . . , ∂
(n)
1 , ∂
(i)
2 as LNDs in Der k[X
(0)][u, v] preserving the ideal
(uv − f), which means that the corresponding vector fields are tangent to the hypersurface
X(1) = {uv − f(P ) = 0} ⊆ X(0) × A2 .
The values of these vector fields at P ′ ∈ X
(1)
reg yield an (n + 1)× (n + 2)-matrix
E =


v0ξ1(P ) ∂
(1)
0 (f)(P ) 0
. . . . . . . . . . . . . . . . . . . . . . . . . .
v0ξn(P ) ∂
(n)
0 (f)(P ) 0
u0ξi(P ) 0 ∂
(i)
0 (f)(P )

 .
The first n rows of E are linearly independent, and the last one is independent from the
preceding ones since ∂
(i)
0 (f)(P ) 6= 0. Therefore, rk(E) = n + 1 = dimX
(1). So our locally
nilpotent vector fields indeed span the tangent space TP ′X
(1) at P ′, as claimed. 
Now the proofs of Theorems 3.1-3.3 are completed.
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